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The first-order problem is
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The zero-order problem (8) is a nonradiating fin whose solu-
tion is

00(Z) = [(l - 0a)/CoshX] coshX(l - Z) + 6e (10)

The solution to the first-order problem (9) is
4
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aiZ sinhX(l - Z) + c (11)

where
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The complete solution, expressed in terms of Eqs. (7, 10>
and 11), gives the temperature profile along the fin in terms
of the radiation-conduction parameter e, convection param-
eter (Biot modulus) X, environment temperature Oe, and
fin geometry v. The simple form of the solution permits
temperature calculations without recourse to a computer
and enables evaluation of the effects that problem parameters
(e,X,0e,jO have on the response of the fin.

To check the accuracy of the perturbation solution, the
problem was also solved numerically. Figure 1 gives tem-
perature profiles for various values of the perturbation
parameter e and Biot modulus X2, for 6e = 0.1 and v = 0.0208.
As expected, the perturbation solution becomes increasingly
more accurate as the perturbation parameter e decreases,
since for small e, the nonlinear radiation effects are small
relative to conduction. The accuracy of the solution is also
observed to improve as the Biot modulus X2 is increased.
For large X, radiation effects become small relative to con-
vection and the accuracy of the perturbation solution again
improves.
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Introduction

FREE-PISTON compressors are commonly used for gene-
rating high temperatures and pressures in gases.1*2 For

shock-tube applications, the shock-tube driver gas is heated
in the free-piston compressor and released into the driven
shock tube by the opening of a high-pressure diaphragm.
Due to experienced variations in diaphragm rupture pressures
and difficulties in estimating peak pressures for given gas-
loading conditions, the used diaphragms are allowed to break
at pressures typically 20% lower than corresponding closed-
end peak pressures. In this case, the piston possesses
residual kinetic energy which has to be absorbed, normally as
deformation work in some part of the mechanical structure.
With incorrect initial gas loading or with a diaphragm weaker
than normal, the residual energy could be larger than antic-
ipated and mechanical destruction of the high-pressure sec-
tion and the piston could result. In experiments with a free-
piston compressor in a so-called bypass piston tube,3 a sonic
orifice has been inserted near the high-pressure diaphragm
and successfully used in preventing such a high-speed impact.
The insert, referred to as a piston-retardation insert, also
favorably increases the entropy of the gas during the com-
pression. Properly operating, e.g., in the case of an early
rupture of the diaphragm, the piston will bounce in front of
the insert or smoothly dock to the insert, with the gas between
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FOR REFERENCE:
PISTON BOUNCE IN
CLOSED TUBE

Fig. 1 Schematic view of the high-pressure section of a
free-piston compressor with a sonic-orifice outlet. For
reference is shown a piston bounce in a closed compression

tube.
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a) Dimensionless piston position x as a function of time
for different values of the parameter e. Smooth docking is

achieved for e <^ 0.55
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b) Dimensionless gas pressure p as a function of time
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c) Residual fraction of gas zp, trapped between the piston
and the orifice, as a function of time

Fig. 2 Results of numerical calculations for free-piston
compression with a sonic-orifice flow outlet. Perfect gas

with 7 = 5/3. Orifice opening at xs = 5.

the piston and the insert flowing through the orifice of the
insert at sonic velocity.

Analysis

The size of the orifice should be properly matched to rele-
vant bounce parameters and can be determined from an
analysis of a free-piston compression with a sonic flow outlet,
as follows. Denote the orifice area A* and the cross section
of the compression tube A, as shown in Fig. 1. Let M be the
piston mass, up the piston velocity, up = -dx/dt, and x the
distance to the insert. Reference conditions at an ideal
isentropic closed-tube bounce have subscript 0. For sim-
plicity, we limit the study to a stage of the compression when
the pressure accelerating the piston can be neglected when
compared to the pressure p of the gas in front of the piston.
This is always true during the final part of the compression
stroke. Assume a perfect gas, homogeneous thermody-
namic conditions in the gas, and isentropic processes; the
momentum equation for the motion of the piston and the
equation for continuity of mass of the gas can then be written

and
d*x/dtz = p7

dpx/dt = - ep(' D/2

(1)

(2)
respectively. Here 7 is the ratio of specific heats, x the non-
dimensional piston distance to the orifice defined as x =
X/XQ, p the nondimensional gas density defined as p = p/p0,
and t a nondimensional time defined as t = t/TQ, where TO is a
characteristic time for the bounce;

TO =

The dimensionless parameter e is defined as e
TI is a characteristic time

TI —

(3)

I, where

(4)

for the sonic gas flow leaving a volume xQA, relevant to a
closed-tube bounce. The speed of sound at the reference
bounce condition is denoted a0.

Optimum performance for the shock-tube driver appli-
cation can be achieved for a narrow range of e values for
which the piston reaches the position x = 0 with negligible
residual velocity or it actually bounces at a small distance
from the insert with x « 1.

For numerically practical reasons, the orifice was assumed
to open at time t = 0 for a piston location xs = 5, instead of
being continuously open. The finite-difference calculations
could then be started at this point, since for earlier piston
motion, a relevant analytical solution was available from

Fig. 3 Photograph of the disassembled high-pressure
section of the compression tube, the piston retardation
insert, and the free piston used in the bypass-piston shock-

tube experiments.
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Eq. (1). Hence, the piston velocity at & — xs was found to be

dx
dt [ 9 "|i

-<- (1 -£- (T - D)
7-1 J

and corresponding gas density

P, = l/£,

(5)

(6)
In Fig. 2a are shown numerical results for the dimensionless
distance x as a function of dimensionless time t for discrete
values of e in the range 0 < e < 0.80 for a gas with y = f.
For e = 0, we have the case of a closed orifice and the bounce
takes place exactly at x — 1. For increasing values of e,
the bounce will occur closer to the insert and at later times.
With e ~ 0.55 (for xs = 5), smooth docking is obtained.
Piston impact will happen for larger values of e, as shown for
6 = 0.60 and e ~ 0.80. Corresponding pressure-time charac-
teristics are drawn in Fig. 2b. The peak gas pressure in the
bounce is found to take smaller values with increasing values
of e. Interestingly, the actual reversal of the piston velocity
(the bounce) takes place after the pressure has reached its
maximum value. In Fig. 2c, the nondimensional measure
$p of the amount of trapped gas is given as a function of time.
Naturally, for e = 0, we have xp = 1. Values for xp de-
crease continuously with time for all values e > 0. The case
of smooth docking for e ~ 0.55 shows a negligible amount of
residual gas for t > 7.

Experiment and Concluding Remarks

In experiments conducted with a bypass-piston shock
tube,4 the sonic-orifice insert was placed in the helium com-
pression tube at a location near the turning point of the piston
in a calculated bounce. In Fig. 3 is shown a photograph of
the employed high-pressure section, the insert (65-mm o.d.)
and a piston. Typical bounce parameters were for helium:
XQ ~ 40 mm, pQ ~ 600 atm, and a0 ~ 5500 m/s (temperature
TQ ~ 9000°K). The pistons used had masses in the range
0.4 < M < 2.0 kg, and therefore 0.3 < r0 > 0.6 ms. The
effective area ratio was A/A* ~ 35? giving r\ ~ 0.5 ms, and
hence 0.6 < e < 1.2. These values for e were larger than the
calculated critical e ~ 0.55 for smooth docking with xs = 5.
However, the heavy pistons (with an associated larger value
for e) were equipped with conical forebodies with a base
diameter equal to the diameter of the orifice in the insert, as is
visible in Fig. 3. By gradually plugging the orifice, these
cones reduced the effective value of e when the piston was in
the immediate vicinity of the insert and thus diminished the
possibility of impact.

The insert was frequently used under conditions which
would normally have resulted in destructive piston impacts
into the smaller-diameter high-pressure section. With the in-
sert, no such impacts were observed, nor did the steel pistons
swell, jam, or seize to the compression tube. The function of
the insert was considered most satisfactory and vitally helpful
in the successful attempts of achieving shock velocities above
12 km/s in the shock tube.4

As theoretically predicted and experimentally verified, the
sonic-orifice insert in the free-piston shock-tube driver could
completely avoid piston-impact hazards generally connected
with a premature rupture of the outlet diaphragm or incor-
rect gas loading in a free-piston compressor. Use of the in-
sert improves theoretical over-all performance due to an
associated increase in entropy of the gas. For a properly
designed orifice, a preferred value for the dimensionless
parameter e should be somewhat larger than or equal to the
calculated value for smooth docking.
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I. Introduction

LAGRANGE multipliers are commonly employed when
dealing with problems of maxima and minima subject

to equality constraints. Their use is usually justified in
accordance with some multiplier rulet generally phrased in
such a way that it provides a convenient constructive formal-
ism for solving problems.

The proof of a multiplier rule found in texts, in particular
advanced engineering texts such as Hildebrand (Ref. 1,
p. 354), Solkolnikoff, and RedhefTer (Ref. 2, p. 256), etc., is
often very limited and quite intuitive. Often the general
case is not proven and almost universally a discussion of
sufficiency conditions for constrained extrema in terms of
Lagrange multipliers is omitted.

Because optimizing conditions can be stated very simply
and concisely in terms of Lagrange multipliers they remain
in popular use. However, perhaps partly because of this
extensive use, and partly because of the intuitive notions
frequently offered, certain properties have at times been
ascribed to the Lagrange multipliers which they do not
possess. If we wish to extremize a function f(x»), i = 1, . . . ,
n, subject to the constraints Q j ( x i ) , j = 1, . . . , m < n, a com-
mon misconception is the thought that this is identical to
extremizing an augmented function G(Xi,\j) formed by ad-
joining the constraints of/with the multipliers Ay, i.e., G =
f + Xygfy. For example, Edelbaum (Ref. 3, p. 11) in his dis-
cussion of theory of maxima and minima states, "The use
of the augmented function allows a problem with subsidiary
conditions to be replaced by a problem without subsidiary
conditions. This new problem is amenable to all of the
techniques used for solving problems without subsidiary
conditions, including sufficiency conditions." Edelbaum is
by no means the only author who alludes to this concept;
but perhaps he states it most clearly.

Edelbaum's statement in essence represents a multiplier
rule. To illustrate the results obtained by using this rule,
we first need the following theorem for unconstrained ex-
trema. For proof see Hestenes (Ref. 4, p. 18).

Theorem 1

The necessary and sufficient conditions for the function
f(Xi) of class C2 on S to take on a local, proper, nonsingular
minimum at the point Xip on the interior of S is that

= 0 (1)
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